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1. The Single-Cell Revolution
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The cellular scale of biology

-
-
® Cells are the basic unit of structure and o
function in living organisms
e Cells are characterized by their 'types’ .

that are diverse

® Physiology emerge thanks to complex
interactions between different cell-types

[1]
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From bulk to distributions of molecular features

- : interact :
neoplastic non-neoplastic
functionally and/or genetically T-cells B-cells dendritic cells, fibroblasts,
. distinct subpopulations endothelial cells, NK cells, etc
» <

ve ~@®

bulk (average) single-cell [1]

gene expression

4/41



ChemoResistance in Triple Negative Breast Cancer
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Gene Regulations by Chromatin Modifications

® Chromatin is the molecule that makes chromosomes
e Chromatin modifications can modulate gene activity
® ChemoResistance is associated with chromatin modifications

Demethylated histone Methylated histone

Methylated DNA

o P Transcrption machinery

https://tunetx.com/
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Single-Cell Chromatin Modification Data

® The data contain the positions of
chromatin modifications along a
chromosome (1D)

® Each cell is characterized by a collection
of random positions

Ny =(T{,T3,...), Ti<Ti<..

® \We observe n replicated Point Processes:

(Ni, ..., N,)

Cell ID

Genomic Position (Mb)

[3]
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Description of the data

® A Point Process is described thanks to the intensity of the process
P(dN; =1 | F7) = w(t)

® Homogeneous Poisson Process:
w(t) = wy

® The intensity can depend on the past occurrences (Hawkes)

w(t)=wo+ Y _ h(t—T)

TeN
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The Cumulative Mass Function of a Point Process

® Equivalent representation through the counting process

F(t) = Z Lit<my

TeN

This is the cumulative mass function of the process (CMF)

In the Poisson case
E[F(t)] = wot

Hawkes process with h(t) = ae 5t

St
0 —«

The CMF connects Point Processes models to functional models

E[F(t)] = W
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From Point Processes to Functional Data

Cell ID
CMF

Genomic Position (Mb)
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Objectives of the analysis

How to describe the variability of
chromatin modifications among cells ?

CMF

® How to represent the spatial variability 7
® Can we find atypical cells 7 clusters ?

® |s there a reservoir of persister cells ?

Genomic Position (Mb)
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General Setting: PCA for Point Processes

® Many application fields generate data
that can be modelled as replicated Point
Processes

Electrodes

NeuroSciences : spike train data [2]
® GeoSciences : earthquakes data

® How to perform PCA on these data ?

Tims ()
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Outline

2. The random measure point of view
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Replicated Point Processes

® \We observe n point processes on [0, 1]:
(M. Ny)
® For process N; we define the random measure

Ni(B)= > 1{regy = Card(N;NnB), BB
TeN;

® We observe a n—sample of random measures on ([0, 1], B)
(My,..., M),
® \We denote by W the first moment of I1:
wW(B) =E[N(B)], B € B.
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Examples of Point Processes

The simplest model is the Poisson Process with intensity w

® |n this case:

Mn(s) ~ P(W(B)).

If the process is homogeneous, the accumulation rate is constant over time

W(B) = wo x |B|

In the following, we do not make any assumption on the model for I1.
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A Signed-Measure Model

® Objective: investigate the variations of points occurrences around W

® \We consider the signed measure

® Then we define a second-order moment for A using the signed measure of covariance
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A Second-Order Measure of Covariance

® The tensor product for two measures p and v on ([0, 1], B) is:
(1@ v)(B x B) = (B)(B),  B,B €B.
® Forall Bx B e BB

Ca(Bx B) = Cov[N(B),N(B)]

= E Z 11, myeBxpy | — (W e W)(B x B')
TEN,T'eN

® |n the case of the homogeneous Poisson Process

CA(B X B/) = wy X |Bﬂ B/|

17/41



Mercer theorem for Cxp

® Theorem (Picard F., Panaretos V., Rivoirard, V., Roche A.)
® Suppose

E[N([0,1])?] < 400
[ )

There exists a sequence of eigenvalues ()\j)j and measures (,uj)j such that:

Ca=) A (ow).
=1

Uniform convergence on Sobolev balls of regularity 2:

J
DA< (i @m) —Call 0.
J=1 H—2
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Principal Measures and the K-L decomposition

Principal measures (1); contain the dynamics of the process

Karhunen-Loéve decomposition for random measures:

A;:Zﬁjxgijxw

j=1

The sequence {&;};>1 is called the scores associated to the measure A.

Each individual measure A; can be approximated from the K-L decomposition:

J
Mi(B) ~ W(B) + > \/A x & x pj(B).  BeB
j=1
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Outline

3. The functional point of view

20/ 41



From Point Processes to functional data

We need to get back to the data for statistical inference

Consider the cumulative mass function

Fa(t) = A([0, ¢]) = N([0, £]) — W([0, t])

A sample of Point Processes gives us a sample of centered random functions on [0, 1]

(I'Il,...,l'l,,) — (FAI,...,FAH)

Deploy the fPCA framework on cumulative mass functions !
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Covariance Kernel

® The covariance kernel of these functions is, s, t € [0, 1]

Ka(s,t) = Cov(Fa(s), Fa(t))
= Ca([0,s] x [0, t]).

® The kernel Ka is associated with the integral operator
Ma = E[FA ® FA]

® The kernel Kao between CMFs is a positive semi-definite kernel for which the Mercer
theorem applies
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From the fPCA to the principal measures

® There exists a basis (1;);>1 of L?([0,1]), a sequence (););>1 of positive numbers such
that

KA(57 t):Z/\j an(s) an(t) s, te [07 1]'

® The eigenfunctions are related to the principal measures of Ca such that

nj(t) = ([0, 8]) = Fu; (1) t<[0,1].
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From the fPCA to the principal measures

® The principal functions of Ka are the CMF of the principal measures
Z)\ x Fu(s) x Fu(t) s te[0,1].
® Similarly for the integral operator:

oo
A=) A\ xF,®F,
j=1

® Principal functions (F;); contain the dynamics of the Cumulative Mass Functions

24 /41



Eigen Functions and the K-L decomposition

e Karhunen-Loéve decomposition for random measures writes

J
([0, t]) = W0, t]) + Y v/Aj X &ij x Fu(t)
j=1

® The scores are defined such as:
~1/2
& =N (Fuys Fa)
® The processes (N, ..., N,) can be represented with their new coordinates (&)

i
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Outline

4. Statistical inference
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Empirical measures

® Based on the observed measures:

® The average measure :

® The observed signed measure : R .
A=T;— W

® The observed empirical cumulative mass functions:

Fr(t) =Y 1per

TEN;
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Empirical quantities

® The empirical covariance measure:

~ 1 — —
Ci(Bx B') = ;Z > 1yt m)eexey — W(B)x W(B), B,B €B,
i=1 T, T'eN;
® This provides the empirical kernel:

Kx(s,t) = Cx([0,s] x [0,¢]), s, tel0,1]

® The empirical integral operator writes:

> \hﬂ
I
l>>)
D>>
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Observed integral operator

® Consider all occurrences sorted in non-decreasing order:

T = ON,U{O;I} - {0, Tl,Tz,..-,l}
i=1

® \We define the histogram system associated to this grid
et) = ;1m,l;n)(f),
VTe— T
® We set R R
6o (Fas),

)
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Eliciting eigen elements

® Some simplifications are welcome:
FW(Téfl) = (5 — 1)//7

® \We can compute the general term (GB)”, easily

V(T — Te—l’z(Tz/ — Te_q) « Z (Fn (To1)Fn(To1) — gnlg' 1)

. n
i=1

® Eigen elements of matrix @3 provide (XJ)J (ﬁJ)J (2,1)1
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Outline

5. Application to single-cell chromatin modification
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Summary of the data

Cell ID
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The first axis is correlated to the number of points
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Inspecting Eigenfunctions
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Clustering based on scores

® k-means clustering based on Eij
® Obtain a partition Z-k

® Represent

~ 1 < ~
Fh(t) = szzik x Mi([0, t])
i=1

PMF

Genomic Position (Mb)
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Clustering based on scores

® k-means clustering based on g-j
Obtain a partition Z‘k
Represent the intensity by group

0 = :.
aFrll((f) )

Some cells show particular accumulations
of chromatin modifications along
chromosome 1!

Genomic Position (Mb)
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6. Conclusions
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A new framework to analyses repeated Point Process

We provide a new framework to handle, visualize and analyse point process data

Existence of equivalent of the Karhunen-Loéve decomposition for random measures

Convergence results and convergence rates for the estimators of PC measures

Fine study of principal measures for Poisson and Hawkes processes.

Preprint and package soon available !
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Perspectives and Extensions

Consider spatial processes

Consider multivariate processes

Consider the supervised setting

Any suggestion 7
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